
The Construction of Spin Eigenfunctions: An
Exercise in Quantum Mechanics
Spin is a fundamental property of elementary particles. It is a vector
quantity, meaning that it has both magnitude and direction. The magnitude
of the spin of a particle is always half-integral, meaning that it can only take
on values of 1/2, 3/2, 5/2, and so on. The direction of the spin can be either
up or down.
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Spin eigenfunctions are wave functions that describe particles with a
specific spin state. For example, the spin up eigenfunction for a particle
with spin 1/2 is given by the following equation:

$$\chi_+(x,y,z) = \begin{pmatrix}1 \\\ 0 \end{pmatrix}$$

The spin down eigenfunction for a particle with spin 1/2 is given by the
following equation:

$$\chi_-(x,y,z) = \begin{pmatrix}0 \\\ 1 \end{pmatrix}$$
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The construction of spin eigenfunctions is an essential step in
understanding quantum mechanics. In this book, we will provide a step-by-
step guide to constructing spin eigenfunctions for particles with arbitrary
spin.

1. The Spin Operator

The spin operator is a mathematical operator that can be used to measure
the spin of a particle. The spin operator for a particle with spin 1/2 is given
by the following equation:

$$\hat{S}= \frac{\hbar}{2}\begin{pmatrix}1 & 0 \\\ 0 & -1 \end{pmatrix}$$

The spin operator has two eigenvalues, +ħ/2 and -ħ/2. These eigenvalues
correspond to the two possible spin states of a particle with spin 1/2, up
and down.

2. The Construction of Spin Eigenfunctions

The construction of spin eigenfunctions is a two-step process. First, we
need to find the eigenvalues of the spin operator. Second, we need to find
the eigenvectors of the spin operator.

2.1 Finding the Eigenvalues of the Spin Operator

To find the eigenvalues of the spin operator, we need to solve the following
equation:

$$\hat{S}\chi = s\chi$$

where $\chi$ is the eigenfunction and $s$ is the eigenvalue.



Substituting the spin operator into this equation, we get the following
equation:

$$\frac{\hbar}{2}\begin{pmatrix}1 & 0 \\\ 0 & -1
\end{pmatrix}\begin{pmatrix}a \\\ b \end{pmatrix}= s\begin{pmatrix}a \\\ b
\end{pmatrix}$$

This equation can be written as the following two equations:

$$\frac{\hbar}{2}a = sa$$

$$\frac{\hbar}{2}b = -sb$$

Solving these equations, we get the following two eigenvalues:

$$s = \pm\frac{\hbar}{2}$$

2.2 Finding the Eigenvectors of the Spin Operator

To find the eigenvectors of the spin operator, we need to solve the following
equation:

$$\hat{S}\chi = s\chi$$

where $\chi$ is the eigenvector and $s$ is the eigenvalue.

Substituting the spin operator into this equation, we get the following
equation:

$$\frac{\hbar}{2}\begin{pmatrix}1 & 0 \\\ 0 & -1
\end{pmatrix}\begin{pmatrix}a \\\ b \end{pmatrix}= s\begin{pmatrix}a \\\ b



\end{pmatrix}$$

This equation can be written as the following two equations:

$$\frac{\hbar}{2}a = sa$$

$$\frac{\hbar}{2}b = -sb$$

For $s = +\hbar/2$, we get the following eigenvector:

$$\chi_+(x,y,z) = \begin{pmatrix}1 \\\ 0 \end{pmatrix}$$

For $s = -\hbar/2$, we get the following eigenvector:

$$\chi_-(x,y,z) = \begin{pmatrix}0 \\\ 1 \end{pmatrix}$$

3. Applications of Spin Eigenfunctions

Spin eigenfunctions are used in a variety of applications in quantum
mechanics, including:

The calculation of the magnetic moment of a particle

The explanation of the Stern-Gerlach experiment

The development of the theory of electron spin resonance

4.

In this book, we have provided a step-by-step guide to constructing spin
eigenfunctions for particles with arbitrary spin. We have also discussed
some of the applications of spin eigenfunctions in quantum mechanics.



We hope that this book will be helpful to students and researchers who are
interested in learning more about spin eigenfunctions.
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